Abstract: In this paper, the performance of Multiple-Input Multiple-Output (MIMO) systems based on the fractional Fourier transform (FRFT) and the fast Fourier transform (FFT) in underwater acoustic (UWA) communication channels is evaluated and compared for various conditions including the number of subcarriers, modulation schemes, the number of paths between the transmitter and receiver, Doppler frequencies, and MIMO modes including diversity and multiplexing. The study demonstrates while the computational complexity of the FRFT is in the order of the FFT, the performance of the FRFT-based UWA system is superior than that of the FFT-based system for all multipath scenarios, and for the flat fading channel they achieve the same performance.
Introduction
Two-thirds of the earth's surface is covered by water and still its significant portion has not been discovered. One of the key technologies which enable extensive underwater explorations is wireless underwater transmission of information. Wireless transmission of signals can also be used for collecting scientific data, pollution control, climate monitoring, military applications, etc. [1] [2] [3] .
Radio waves propagate underwater at extremely low frequencies (30 Hz -300 Hz) and require large antenna and high transmission power. Optical waves are not attenuated too much but scattering greatly affects information-bearing optical signals. Hence, acoustic waves are the best candidates for communicating through water. Nonetheless, radio and optical techniques can be used for short distance underwater applications [1, 2] .
Underwater acoustic (UWA) communication, which is known as one of the most challenging environment for transmission, is limited by three basic factors including 1) limited bandwidth because the signal attenuation increases by increasing distance and frequency, 2) time variant multipath propagation, and 3) the low speed of sound through water. The collective effects of these factors lead to a channel with very low link quality and long delay [1] [2] [3] [4] [5] .
One major problem in UWA channels is the limited bandwidth. Acoustic waves in UWA environment are absorbed at high frequencies, while the noise is very strong at low frequencies. As a result, the available bandwidth is limited to several kHz. Therefore, using methods that benefit efficient use of available bandwidth is very important. One effective method is the use of multi-carrier Multiple-Input Multiple-Output (MIMO) systems. MIMO technique increases spectral efficiency by parallel transmission of data through multiple transmitters [6] [7] [8] [9] .
Orthogonal frequency division multiplexing (OFDM) is a multicarrier transmission technique in which data is transmitted in parallel by the orthogonal subcarriers. This orthogonality allows that one can fit more data without intercarrier interference (ICI) in a limited frequency range [10] [11] [12] [13] . Also, OFDM technique can convert a frequencyselective channel to a set of flat subchannels. Consequently, OFDM is an efficient way to deal with multipath fading in wireless channels. This technique is a prevailing technology for broadband wireless communication systems due to its low complexity of equalisation techniques in the frequency domain [14] . OFDM expects the subcarriers to be orthogonal. Nevertheless, factors such as carrier frequency offset (CFO), time variations due to Doppler shift, or phase noise usually degrade the orthogonality of the subcarriers, which in turn gives rise to the ICI [15] . Therefore, if the channel time variations are severe and channel delay spread is large, or symbol duration is smaller than the delay spread (i.e. high bit rate transmission), the performance of a prevalent OFDM technique degrades significantly due to the ICI and severe frequency-selective distortion [10, 11, 14] .
To overcome this problem, a new multi-carrier system based on fractional Fourier transform (FRFT) is introduced. FRFT first introduced by Namias [16] , and then Almeida investigated its time-frequency representations [17] . FRFT was first applied in multicarrier systems by Martone in 2001 [18] . This system has the same performance as the OFDM systems based on the conventional fast Fourier transform (FFT) in flat channels, however it outperforms the conventional OFDM systems in severe frequency-selective channels [19] . In the FRFT-based MIMO-OFDM system, the traditional exponential subcarrier signal bases are replaced by the chirp subcarrier signal bases [20] . A proper order is considered to make the channel transmission matrix approximately diagonal, and consequently the ICI would be suppressed effectively [21] . Since the complexity of the FRFT is approximately equal to FFT, this method can lead to a significant improvement in system performance without increasing the complexity [20] [21] [22] [23] .
So far, the use of FRFT in UWA channels has not been comprehensively investigated under various circumstances and the impact of FRFT use instead of FFT has not been deeply studied. For example, authors in [19] considered suppressing multipath effect and investigated the effect of the cyclic prefix (CP) length on the BER performance. Authors in [20] focused on finding the optimal order of FRFT in order to reduce the ICI and investigated the impact of various FRFT orders on the carrier-to-interference ratio (CIR). Also, authors in [22] investigated only the impact of CFO variation on the BER performance of BPSK modulation scheme. In general, the structure of this new multicarrier system is the same as the conventional OFDM except for that the inverse-FRFT is used in place of the inverse-FFT at the transmitter and the FRFT in place of the FFT at the receiver.
For MIMO UWA communications, there is a shortage of publications in the context of channel estimation and equalisation for FRFT based multicarrier systems. Specially, the effectiveness of all methods has not been considerably examined yet. In addition, as will be demonstrated, the system performance can be improved by using the FRFT. We also emphasise that the comprehensive nature of the study which models the collective effects of the modulation, signal distortion as well as channel estimation and equalisation contribute to the unique value of the work undertaken. To do so, the performance of the FFT-based and FRFT-based MIMO-OFDM systems in UWA channels is evaluated for various conditions including the number of subcarriers, modulation schemes, fading channels (i.e. the number of paths between the transmitter and receiver), and Doppler frequencies. Also, the performance of different transmission modes of MIMO, i.e. diversity and multiplexing are compared along with the single-input single-output (SISO) system. Results demonstrate that the FRFT-based system outperforms the FFT-based system for all scenarios.
The paper is organised as follows. Section 2 explains the main constraints and challenges of UWA communications. Section 3 describes the fractional Fourier transform along with its mathematical foundations for a generic communication system. Section 4 presents the FRFT-based MIMO-OFDM UWA system. Section 5 presents the significant results and discussion, and finally Section 6 concludes the paper.
Principles of Underwater Acoustic
Communications Sound propagation at low frequencies is preferred because attenuation at high frequencies prevents high speed data transmission. Usually in underwater channels, signals outside the frequency range of 10 Hz -1 MHz are absorbed rapidly and cannot be propagated. Hence the system bandwidth is very limited in the order of a few tens of kHz in typical designs. Due to large fractional bandwidth (i.e. the ratio of the bandwidth to the centre frequency), these are considered as wideband systems. Therefore, channel frequency response is not flat and due to multipath propagation, strong fading is observed. Low speed of sound propagation (almost 1500 m/s) compared to electromagnetic waves causes a long delay and a significant Doppler shift. The Doppler effect is measured by = ⁄ , where is the relative speed between the transmitter and receiver, is the speed of sound, and is the Doppler rate. Because the speed of sound compared to the electromagnetic waves is very low, distortion for acoustic signals caused by Doppler is very severe [1, 2] .
UWA channel combines the worst radio channel characteristics such as low quality physical link of a mobile terrestrial radio channel, and long delay of a satellite channel. Delay spread longer than tens or hundreds of milliseconds leads to frequency-selective distortion, and inevitable relative motion between the transmitter and receiver causes the Doppler effect. The background noise is neither Gaussian nor white, and in many cases even the power spectral density (PSD) of noise decays by increasing frequency [4, 5] .
A unique feature of UWA channels is that the path loss depends on the signal frequency. This property is a direct result of absorption, i.e. transformation of sound energy into heat. The underwater path loss can be classified as attenuation loss and spreading loss. Attenuation loss includes attenuations incurred by absorption, leakage, scattering and diffraction, and spreading loss is usually classified into two types of spherical spreading and cylindrical [1] .
The noise in the acoustic channel includes ambient noise and site-specific noise. The ambient noise is always present in the background, while there is specific-noise only in certain places. Specific-noises are non-Gaussian and generally modelled as generalised Gaussian. The underwater ambient noise is classified as turbulence, shipping, wind and thermal [4, 5] .
Multipath propagation in UWA, i.e. existence of multiple paths between the transmitter and receiver, is due to two different factors including sound reflection from the surface, floor and any other objects, and sound refraction. The second factor is caused due to the speed of sound spatial variations. It is shown in [24] that the number of paths of the UWA channel follows a normal distribution of parameters = 12.33 and, 2 = 4.32 where is mean and 2 is variance.
Another aspect of UWA channel i.e. time variation is due to two factors including inherent changes in the communication environment and changes due to the relative motion between the transmitter and receiver (Doppler effect). Inherent changes include changes during long period of time, such as climate change, to relatively fast changes like waves of water surface [1, 4, 5] . Unlike radio channel in which the models for the fading probability distribution such as Rayleigh and Ricean, and fading power spectral density such as Jakes' model have been accepted, there is no consensus statistical model for UWA communication channels [5] . However, numerous studies have been conducted to model the UWA channel stochastically. These studies are usually based on the analyses of experimental acoustic data collected in a particular location. Some authors find Ricean or Rayleigh fading to provide a good match for their measurements, while others find log-normal distribution or K-distribution to be a better fit. Almost all proposed statistical models are experiment-dependent [25, 26] . For ease of analysis and focusing on the multicarrier system employing FRFT, Rayleigh fading channel with exponential power delay profile is assumed in this paper [25] .
Fractional Fourier Transform
FRFT can be considered as generalised Fourier transform. If conventional Fourier transform is considered as a 2  rotation from the time axis to the frequency axis, then the FRFT can be considered as rotation with any angle,  , from the time domain to the fractional domain [19, 23] .
FRFT of order p is defined as follows
where ( , ) p K t u , the kernel of FRFT, is defined as 
The kernel of FRFT has the property of order additivity, which is expressed as
Also, inverse FRFT of order p is equal to FRFT of order p  , and expressed by [19] ( ) ( ) ( , )
Since, numerical calculations deal with discrete values, numerous algorithms for discrete FRFT have been suggested. Here, an improved decomposition algorithm is used based on discrete sample model [27] , which means FRFT comprises two chirp multiplications and one FFT, with its argument scaled by csc . The total number of the multiplications is In this paper, the FRFT in matrix form is adopted by using the algorithm available in [27] as follows pp  X F x (6) where p F is the N-dimensional discrete FRFT matrix whose components are given by 
System Model
The system being evaluated in this research is a tr NN  MIMO-OFDM system, i.e. Fig. 1 , first the information bit sequence is modulated by a quadrature amplitude modulation (QAM) scheme, and the generated symbols are transformed into the time domain by passing through IFRFT block. Then the CP is added to these time domain samples in order to robust the data signal against channel delay spread. Thereafter, these samples are passed through an tr NN  MIMO UWA channel and are perturbed by the additive white Gaussian noise (AWGN). At the receiver, by removing the CP, the time domain samples are transformed into the fractional domain in order to perform estimation and equalisation operations. 
Optimal Order Selection

Fig. 1. Block diagram of FRFT-based MIMO-OFDM transceiver
One property of the UWA channel is its long delay spread which leads to extreme frequency-selectivity. Therefore it is reasonable to use block type pilots for these channels in order to obtain information of all subchannels [28] [29] [30] . Since in our scenario the channel coherence time is approximately 8 times longer than the OFDM symbol duration, hence the channel is estimated using block type pilot arrangement for each 8 data blocks. Then the received samples are equalised using the estimated channel and zero forcing (ZF) scheme. Eventually, the transmitted symbols are estimated by demodulation operation. Now, we focus on the mathematical model of aforementioned system, i.e. MIMO FRFT OFDM. Let According to (11) , the chirp CP inserted signal can be written as
where (14) and g N is the number of the CP samples [20] .
In a channel with L distinct paths, the received signal can be expressed as 
At the receiver, first the CP is removed, which is described by
where
Then, the time domain sequence is converted into the fractional Fourier domain sequence by FRFT of order p described by (20) .
So, according to (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) the input-output relationship in a closed form can be written as
where p Q is transfer matrix in fractional Fourier of p order domain, and p Z is additive non-white Gaussian noise [20] .
Simulation Results and Discussion
To evaluate the performance of FRFT-based MIMO-OFDM system and compare with FFT-based MIMO-OFDM system, computer simulations were achieved based on the system model shown in Fig. 1 .
According to (16) and (17) and assuming the classical Doppler spectrum, the auto-correlation function of channel is
r r r r s s
where .
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indicates the Frobenius norm, and E denotes expectation. Using the algorithm introduced in [20] , an optimal order of FRFT can be found which maximizes the CIR value in (24) . By choosing an optimal order, the ICIinversely proportional to CIR-is minimized. Obviously, the off-diagonal elements of the p Q indicate the ICI. Therefore, by minimizing the ICI, p Q approaches a diagonal matrix, and hence the system performance is improved compared to the 2   case i.e. traditional OFDM. Especially, there is a significant improvement in severe time-variant frequencyselective channels, because the ICI considerably affects the system performance in such channels.
Our simulations results are demonstrated by two performance metrics namely the bit error rate (BER) and the error vector magnitude (EVM). EVM is defined as the ratio of the root mean square (rms) amplitude of the error vector to the rms amplitude of the reference signal constellation, defined as
The performance of two systems are evaluated and compared for different modulation orders, number of subcarriers, frequency-selective channels, Doppler frequencies, and modes of MIMO i.e. diversity and multiplexing along with the SISO system. System parameters and their values are summarised in Table 1 . The following subsections describe each case separately.
The effect of the number of subcarriers
As can be seen in Fig. 2 and Fig. 3 , by increasing the number of subcarriers, N, both BER and EVM performances of systems are improved. For 32 subcarriers, BER and EVM performances will be saturated for large bo ENvalues (> 18 dB) and are not further improved because the subchannels bandwidth (625 Hz) is larger than the channel coherence bandwidth (330 Hz). Also, error performance for of N, the performance of the FRFT-based system is better than that of the FFT-based system. Fig. 4 and Fig. 5 show the effect of frequencyselectivity on the performance of two systems. As can be seen, by increasing the number of paths between the transmitter and receiver, the performances of both systems are decreased as a result of much severe frequency-selectivity. However, in all cases FRFT-based systems present a superior performance than FFT-based systems. In fact, by tending the channel toward a flatter one, the performance of two systems become closer together, but for channels that are severely frequencyselective, the performance of FRFT-based system is far better than that of the FFT-based system. Hence, it can be concluded that FRFT-based system is less affected by channel frequency-selectivity. boundary, the error performance is degraded for both schemes.
The effect of power delay profile
The effect of the modulation order
The effect of Doppler frequency
Another case which is evaluated is the Doppler frequency, fd , effect. Fig. 8 and Fig. 9 show the effect of relative motion between the transmitter and receiver on the BER and EVM. Left panes and right panes correspond to the FRFT-based and FFT-based system performance, respectively. As expected, the system performance is degraded by increasing fd, and it will be saturated in higher Doppler frequencies and is not improved by increasing bo EN. However, for all cases the FRFT-based system demonstrates a better performance than the FFT-based system. Fig. 10 and Fig. 11 show the performance of FRFTbased and FFT-based in different MIMO modes i.e. diversity and multiplexing. It can be seen that the performance of the diversity mode is superior than that of the multiplexing mode. The reason is that in diversity mode both antennas transmit the same data which are combined together with maximal ratio combining (MRC) technique at the receiver. This combination makes the system more robust against noise, distortion, etc. Also, the performance of the FRFT-based system in both modes is better than the same modes based on the FFT. Furthermore, the performance of SISO FRFT system is approximately equal to the MIMO FFT system in diversity mode, and the performance of MIMO FRFT system in diversity mode is superior than both the SISO FRFT and MIMO FFT in diversity mode.
The effect of MIMO modes
To summarise, the improvement in 0 b EN (or SNR) in the FRFT-based system compared with the FFT-based system for all cases are collected in Table 2 . In each case, one parameter was changed and the improvement was measured. The bold parameters show the amended parameter compared to the previous case. For example, by referring to Fig. 3 with N = 64, M = 4, L = 13, fd = 0, and multiplexing mode, the required 0 b
EN
for the FFT-based and FRFT-based systems at the target BER=10 -3 is 26.06 dB and 22.93 dB, respectively. Hence, FRFT can achieve 3.13 dB improvement in SNR compared to FFT. As evidenced by this table, the FRFT-based system outperforms the FFT-based system at least 2 dB for all cases. Although, this improvement exceeds to 3.5 dB for some cases. 
Conclusion
In this paper the performance of the FRFT-based MIMO OFDM system and the FFT-based MIMO OFDM system in UWA communication for various cases is evaluated. Our BER and EVM results demonstrate the eligibility of FRFT-based system in frequency-selective channels for all scenarios compared to the FFT-based system, while the computational complexity of the FRFT is in the order of the FFT.
